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Abstract 

O . We present a new solution in 5D Einstein-Maxwell-dilaton gravity describing 

an equilibrium configuration of extremal rotating black holes with lens space 
horizon topologies. The basic properties of the solution are investigated and the 
i— i. basic physical quantities are calculated. It is shown that the black hole horizons 

are superconducting in the sense that they expel the magnetic flux lines. 

>: 

In the last decade the higher dimensional gravity has attracted a lot of interest 
and it is now a well established area of the modern theoretical and mathematical 
physics. The spacetimes with compact extra dimensions (Kaluza-Klein spacetimes) 
take a special place since they are much more realistic than the asymptotically flat 
spacetimes. During the last years Kaluza-Klein black holes were extensively studied 
. and many exact solutions were found but a lot remains to be done in this direction 

since the spectrum of black hole solutions in the Kaluza-Klein case is much richer than 
in the asymptotically flat case. For recent review on the subject we refer the reader to 

®- 

In the present paper we deal with multi-black hole Kaluza-Klein spacetimes. Such 
multi-black hole configurations are very interesting since they provide us with valuable 
insight into the black hole theory in spacetimes with compact extra dimensions and 
especially into the black hole interactions in the strong field regime. Very recently a 
Kaluza-Klein rotating vacuum multi-black hole solution in five dimensions was studied 
in [2] . The authors show that the previously found solution of [5] can be interpreted as 
an equilibrium configuration of extremal rotating black holes held apart by the repulsive 
spin-spin interaction. The solution was generalized to the case of 5D Einstein-Maxwell 
gravity and 5D minimal supergravity in [I]. 

The purpose of the present paper is to present a new solution describing an equilib- 
rium configuration of extremal rotating black holes with selfgravitating electromagnetic 
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field in the 5D Einstein-Maxwell-dilaton gravity and to study some of its basic prop- 
erties. Our solution differs from those in [lj in that it is not charged and the magnetic 
fluxes through the horizons are zero. 

We consider the five dimensional Einstein-Maxwell-dilaton (EMD) gravity given by 
the action 



S 



16n 



(1) 



where 1Z is the Ricci scalar curvature with respect to the spacetime metric g^, F^ v is 
the Maxwell tensor, ip is the dilaton field and a is the dilaton coupling constant. The 
field EMD equations are obtained by varying the action: 



TP F a — il^L FP a F 
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In the present paper we will consider the case a = y 8/3. For this value of the 
dilaton coupling parameter we have found the following solution 



ds 2 = V~ 1/3 [-H- 2 dt 2 + \Pl(H- x - l)dt + Ldip + V2 cosh 7 W 

+V 2/3 R 2 N 2 + dy 2 + dz 2 



(5) 
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(H- 1 - l) 2 dt ^(H- 1 - 1)L# - cosh 7 sinh 7^-^,(6) 

v2 

(7) 



e V 2 /3 V = yi/3 

where the metric function V and the 1-form W are given by 



V = cosh 7 — H 2 sinh 7, 



mi 



\R-Ri\ (x-Xi) 2 + (y-y^ ' 
and if is a harmonic function on the three dimensional flat space explicitly given by 



(8) 
(9) 



# = 1 + E 



R — Rj 



(10) 



with point sources located at Ri = (xj, y^ Z{). The 1-form W and the harmonic function 
H satisfy the following equation on the three dimensional flat space 
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V xW = VH. 



(11) 



The parameters 7, I m ; run in the ranges — oo<7<oo,L>0 and m, > 0. In 
the case 7 = our solution reduces to the vacuum solution of [2]. In the general case 
the above metric possesses only two Killing fields and 

Without loss of generality we will consider the case of two black holes with R\ = 
(0, 0, 0) and R2 = (0, 0, a) where a > 0. In this case the flat three metric, the harmonic 
function H and the 1-form W are given by 

ds\ = dx 2 + dy 2 + dz 2 = dR 2 + R 2 (d6 2 + sin 2 6d<p 2 ) , (12) 

H = l + ^+ , (13) 
R VR 2 + a 2 -2Racos6 v ; 

rrr ( n R COS 9 - a \ 

W = ^ cos* + m2 7 ___ j # . (14) 

In addition to the Killing fields ^ and A, in the case under consideration there 
is one more Killing field A. The coordinates satisfy — oo <t<oo, 0<i?<oo, 
< < 7i, < <p < 2rt and < ip < 2ir. 

Using a standard approach one can show that the point sources R = R\ and R = R2 
correspond to smooth horizons for the metric. The coordinates we use to write solutions 
are actually singular on the horizons and therefore we should introduce new coordinates 
that cover the horizons too. We will do so only for the horizon at R = since the other 
horizon can be treated analogously. Near the horizon we introduce the new coordinates 
v and ip given by 

~R~) ' 

~ a/2 a/2 cosh 7m! dR a/2 cosh 77773 . . 

dip = dip —at = dep. (lb) 

L L R L 

In the new coordinates the metric takes the form 

ds 2 = cosh" 2/3 7 <^ -^dv 2 + 2 cosh <ydvdR (17) 



+m 2 cosh 2 7 
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dtt 2 + 2 -= dip + cos6d<p 

\V27771cosh7 j 



+4cosh7i?t/t; ( —= — dip + cosOdcp J 1 . (19) 

\y2mi cosh 7 / J 

The spatial cross section of R = has the following induced metric 
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dl 2 = ml cosh 4/3 7 



dfl 2 + 2 ( L dtp + cos 

\ V2mi cosh 7 



(20) 



In order for the above metric to be smooth, just as in the vacuum case [2], the following 
quantization condition must be imposed 



mi = 2V§W" (21) 



where ri\ is an integer. With this condition imposed the metric (120]) describes the stan- 
dard smooth metric on the lens space L(ni, 1). In this way we obtained the analytical 
extension of our metric across the surface R = 0. In completely analogous way one can 
build the analytical extension of the metric across the surface R2 with the following 
quantization condition 

'" 2 = (22) 

where ri2 is an integer. Therefore the topology of the second horizon is L(ji2, 1). 
The asymptotic behavior of the solution is the following 

1 /3 

2msinh 2 7\ f / 2m\ l9 / 2mcosh 2 7\ / „ 9 „ 9 \ 

1 -eft + — + cos 0# ) 1, (23) 




R cosh 7 n 

. sinh 7m 2 sinh 7m . 

A M ax^ ~ — - — dt H -= Ldtp — cosh 7 sinh 7m cos #a</>, (24) 

2-fx v 2ix 

with m = J2i m i an d n = J2i n i- From the explicit form of the asymptotic metric it is 
clear that the topology of spatial infinity is L(n, 1). 

It is worth noting that in the case of two black holes there is an additional Killing 
vector A and the techniques based on the notion of interval structure [5] can be applied 
and they give the same results as the above analysis. 

We proceed further with calculating the masses and angular momenta. The mass 
of each black hole is given by the Komar integral 

M '= 327 (25 > 

where * is the Hodge duality operator and £ is the 1-form corresponding to the timelike 
Killing vector. The explicit calculation gives the following result 
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Mi = -nLrm. (26) 
The total mass of the multi-black hole configuration is 

M = ^I*« = ^ £ ? m '( 1 + 5 siDh S' (27) 

The deference M — £^ Mj ^ reflects the contribution of the electromagnetic and 
dilaton fields to the total mass. 

The angular momentum of each black hole is defined by the Komar integral 



Jl 167T 



kb**"* (28) 



where rj is 1-form corresponding to the Killing field J^. The explicit calculation gives 

Jf = -^vrm,. (29) 

The angular velocity of each black hole is £l H = ^ which, combined with the 
expressions for the mass and angular momentum, results in the following relation 

Mi = h\ H jf. (30) 
For the total angular momentum of the configuration we find 



J *-wJj d ^T2^ m '^ Jt <31) 

Therefore the electromagnetic field gives no contribution to the total angular momen- 
tum. 

The total electric charge of the configuration is defined by 

Q = ]- [ e~ 2aip * F (32) 



4tt Js 

and the calculations give Q = 0. This result can be easily seen from the asymptotic 
behavior A t ~ -^2 . The electric charge of each black hole in the configuration is also 
zero, Qi = 0. The nontrivial quantity that characterizes the electromagnetic field is 
the magnetic flux T through the base space of the S^-fibration L(n, 1) at infinity, 
namely 
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r = — [ F = cosh 7 sinh 7m. (33) 
4n J si, 

It is also interesting to find the magnetic flux through a portion of the horizon 
cross sections. It is known however, that in the general case, the magnetic flux lines 
are expelled from the extremal black holes, more precisely the components of the field 
strength normal to the horizon vanish [6], [TJ. In our case we have 



F\ Hi = (34) 

and therefore, within the framework of the present solution, the black hole horizons 
are superconducting in the sense that they exhibit "Meissner effect" typical for the 
superconductors. Even more, the electric field also vanishes on the horizons. 

We now are at a position to derive a Smarr-like formula giving a relation between 
the Komar mass and the magnetic flux. For this purpose we consider the 1-form 
X = i ri i^~ 2aip * F which is closed d (i v i^e~ 2aip * F) = as a consequence of the Killing 
symmetries and the Maxwell equations. The 1-form x is invariant under the Killing 
symmetries and therefore it can be viewed as defined on the orbit (factor) space space- 
time/isometry group. Since the factor space is simply connected [5], there exists a 
potential \I/ such that d^ = i v i^e~ 2a(p * F. The explicit expression for \1/ in our case is 



^ cosh 7 sinh 7 1 — H 2 ^ tanh7 

2 cosh 2 7 — H~ 2 sinh 2 7 2 ' 

where we have fixed the arbitrary constant in the definition of \l/ so that \l/ vanishes on 
the horizons. Using then the same approach as in [8] it can be shown that the following 
relation is satisfied 



M = Y,Mi + 7iL^(oo)T. (36) 

i 

This is in fact eq. (!271) as can be checked. 

The ergosurface, defined by <?(£,£) = 0, exists always since (?(£,£) l-ffi > an d 
loo < and its topology depends on the point sources configuration just as in 
the vacuum case. 

As a final remark it is worth noting that our preliminary investigations show that 
there exist solutions describing rotating extremal multi-black hole configurations with 
self gravitating electromagnetic field, more general than the solutions presented in [1] 
and in the present paper. The results will be presented elsewhere. 
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